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PREFACE 

IN March 1920, I gave at Birkbeck College, London, a course 
of three public lectures on Fermat's Last Theorem, The 
lectures were intended primarily for pei-sons with a mathe- 
matical training, but not necessarily for those who had made a 
special study of the Theory of Numbers. A general account 
was given of the varioT:^ methods that have been devised for 
dealing with the question, more attention being paid to principles 
than to d 



This booklet consists of the lectures in practically the form 
in which they were delivered. It also includes a few details 
which it was found convenient to omit from the lectures. I hope 
it may be of assistance in giving to the reader some idea, not 
only of the difficidties involved, but also of the progress made 
in dealing with this famous theorem. 

I have to acknowledge my indebtedness not only to the 
authors mentioned licrein, but also to the works of Smith, Bach- 
mann, Hilbert, Kronecker, Sommer, and Dickson, on the Theory 
of Numbers. Full references to the subject are given by Dickson 
in his very useful paper on "Fermat's Last Theorem" in the 
Annals of Mcdkematies, Vol. XVIII. 1917 ; and in Vol. II. of his 
History o/ the Theory of Numbers, which has just been pub- 
lished 

L. J. MORDELL. 

Nonember 1920. 
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CHAPTER I 

STATEMENT OF THE THEOREM 

Of all the abstract sciences, perhaps none is so remarkable for the 
ease with which theorems are arrived at inductively, and for the 
difficulty and importance of the developments arising in the efforte 
to prove the theorems so suggested, as the Theory of Numbers. 
An admirable illustration of this iact is furnished by Fermat/e Last 
Theorem, namely, that if m is a positive integer greater than two, 
the equation 

«^"+y'=2" (I) 

cannot be satisfied by integer valnes for the unknowns j ul 
nnless one of them is zero. On the contrary, when 2 t s veil 
known that the equation possesses an infinite number of I t n n 



t (1S01--1665) was a French mathemat o uf tl e fi t 
rank, who made a special study of the Theory of N be s lu 1 nj, 
that part of the subject dealing with the sohitio t iete m nate 
equations, called Diophantine Analysis, after the C reel mathen a an 
Diophantus who flourished during* the third ce t 7 d. A new 
edition of the latter's works was brought out by Baehet in 1621. Fermat 
possessed a copy of this work and entered in the margin of the pages 
a number of theorems he had discovered, most of which are now 
included as special cases in the classical theory of the subject,. but 
without any proofs or indications of his methods. Besides the theorem 
now known as his last theorem, he placed the remark that he had 
discovered a truly wonderful proof but that the margin of the hook 
was too small to contain it. Since that time, no general proof has 
been found for all values of n, even though ifc has been attempted by 
the greatest of mathematicians inclviding Euler, Legendre, Gauas, 
Abel, Dirichlet, Cauchy and Kummer, has been several times made the 
prize question of learned societies such as the Academies at Paris and 
Brussels, and though finally, in 1907, a prize of 100,000 marks was 
established for the first proof. 

• DiophaTitus of AU^aiidiia, by Sic Thomas L. Heath, 2nd edition, p, 3. 



y Google 



Dl]l FERMAT PIIOVE HIS THEOREM ! 



Did Fbemat prove his Theorem^ 

The question immediately suggests itself. — Is it probable, that 
nearly three centuries ago, Fermat really proved this theoremj whicb 
stiU baffles mathematicians who have at their disposal the wonder- 
ful and far reaching developments in mathematics smce Fermat's 
time — especially as it seems likely that Fermat's methods could only 
be elementary considered from a modern standpoint ? From what is 
known of Fermat's character, it is fairly certain that at any rate he 
was under the impression that he had a proof meriting his description 
of it. This statement is confirmed by the fact that when enunciating 
a theorem to the effect that 2*" + 1 was a prime number for all positive 
integral values of n, he added that while convinced of the truth of this 
theorem, he could not prove it*. Many years afterwards Euler showed 
that the theorem was false, and that 641' was a factor when m = 5. 

It is of course possible that Fermat was mistaken in thinking that 
his proof was vahd, for even the greatest of mathematicians have 
made mistakes. The late Prof H. J. S. Smith, while pointing out 
that GftUBS was unfavourably inclined to Fermat, thought however 
that there was no ground for supposing that Fermat was mistaken. 



AiSALYSIS OF 



BY FeEMAT 



A little light perhaps may be thrown on Fferiaat's statement by 
considering a similar case- He had proposed as a problem to the 
English mathematicians to show that there was only one integer 
solution of the equation 

obviously a; = ±5, j = 3. On this he has a note to the effect that 
there was no difficulty in finding a solution in fractions, but that 
lie had discovered an entirely new method, wonderfully beautiful and 
most subtle, which enabled him to solve snch questions in integers. 
This statement seems clear and straightforward and would lead one to 
suppose that, given an equation of the form 

where /c is an integer, Fermat possessed a method wliich enabled him 
to ascertain if the equation possessed integer solutions, and in that 
case to find them. 

* See however Dickson's History of llie Thaory of Niimhers, Vol. i. p. ;-l7a. 
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ANALYSIS OF ANOTHER STATEMiSKT BY FEIOfAT 3 

Permat's statement, however, cannot be as I'lear as it seems to be. 
For I showed* several years ago that no eq nation ot the form 

■f^x' + k, 
where A is a positive or negative integer, could have more than a 
finite number of integer solutions. It seems unhkely that this fact 
was known to Permat, so we are led to conjecture that his method 
must have been equivalent to some such process as the following. 

In f^x' + 'i, 

put y = (t^ + W\ 

where a and b are integers, and take 

KquSxting real and imaginary parts 

1 = h {M^ - W), 
Since a and b are integers 

or i = ±l, « = ±1, 

giving ■*-±\ v — o 

It IS of course by no means obvious that this piocess, wlin,h i-an 
be desciibed without the use of complex quantities, gives all the 
values ot x and y In any case it seems doubtful if Peiinat's deaciip- 
tion of his method would be justified at the present time 

At the same time it i^ possible that Permat did po'^sess a valid 
pioof of his last theorem, but fiom the ciicumstances of thp case, it is 
extremely difficult foi us to form any conception of his method One 
can easily recall a iiumbei of theoiems which have proved extra- 
ordmardy diflicult to great .1 athematieians and wliiuh now seem 
elementary enough Nothing v , ^ simpler than the solution of 

the cubic equation, but many centui; , elapsed between the solution 
of the quadiatio and of the cubic Anotliei instance of a diffeient 
type IS supplied by the proof of the transiendental chiractei ot w, 
1 e the impossibilitj of solving the pioblem commonly tailed the 

A statement by F'-rmat Fioce'dingi 01 the London Mathniuitt'.ul bi iftij 
(E^ail Feb 191S), (EeLuidg, etc), Sei 3, Vol wiu [in^i) pp v \i Tlie same 
reaiiit holds loi the equition 

wheie a,b, t, d, e are anj lotegprs loi ivhich the light hauA 11 ]•• has no ■! iiiiii '1 
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4. A SIMPLIFICATION OV THE PROBLEM 

stmaring of the circle, whioli can now be put in a very simple and 
elementary form. 

Mathematical study and researtih are very suggestive of moun- 
taineering. Whymper made seven efforts before he climbed the Matter- 
horn in the 1860's and even then it cost the lives of four of his party. 
Now, however, any tourist can be hauled up for a small coat, and 
perhaps does not appreciate the difficulty of the original ascent. So in 
mathematics, it may be found hard to realise the great initial difficulty 
of making a little step which now seems so natural and obvious, and it . 
may not be surprising if such a step has been found and lost ai;ain. 
A siMrLincATioH OF THE Pkobi.em 
Coming back to the equation 

«''+r=^ (1). 

it is obvious that if any two of the unknowns have a common factor k, 
then the third unknown is also divisible by &. Putting 

x,y,z = ki, kfj, kl, 
respectively, in e(iuation (1), k" divides out, leaviirg 

where now no two of the unknowns have a common factor. There 
will be no loss of generality then if it is supposed that no two of the 
unknowns in the original equatioa (1) have a common factor. Next it 
is sufficient to prove the impossibility of equation (l) when n is equal 
to 4 or to any odd prime p. For if each of the equations 

a*-tf=^z\ aP-\-f-=0' (2) 

is insoluble, the same holds of equation (1) since n must be divisible by 
either 4 or an odd prime. For example if n is divisible by f, say 
n — pq, equation (1) can be written as 

which is then insoluble because of the special case (2). 
The BftUATiON a^ + 'f-z^ 
As regards the case » = 2, it is well known that the general solution of 

«^ + s'-'* C3), 

wherein no two of the unknowns have a common factor, is given by 

X = a^ -b^, y = 2ai>, z-a^ + b\ 
where y is that one of the unknowns which is even, and a and b 
are prime to each other and not both odd. This result was known t* 
the Indian mathematicians. 



y Google 



THE EQUATION a^* + J* = S» 5 

The equation a-' + y = s* 

I'iie case m -= 4 is remarkable not ouly from the fact that in coiitra- 
diafcinctioE to all the other values of n, the theorem can be rigorously 
proved by absolutely elementary means, that is by methods which do 
not implicitly make use of new ideas unknown during Fermat's time, 
but also from the fact that a proof by Fermat for a very closely related 
theorem is extant. A proof was given by Leibnitz in a manuscript 
dated December 1678, and also by Euler. 

The proof of the theorem is so simple that it will be worth while 
giving it completely. 

It is obviously sufticient to consider the equation 

where w, ■// and z are all prime to each other. Further it may be 
assumed that all the quantities referred to are positive. As all 
numbers are either odd or even, a: is of the form 2m ov 2m + 1, where 
m is an integer. Hence a^ is of the form im^ or im^ + im + l, that is 
of the form iM or iM+ 1, so that a number of the form iM+ 2 ov 
4M+ 3 cannot be a square. Hence x and j/ cannot both be odd, for 
then the sum of their fourth powers would be of the form iM+ 2, and 
this cannot be a square. Hence either x oi y must be even, and as it 
is obviously immaterial which one is, suppose it is «/. Since 

it follows from equation (3) that we must have 

a? -a" — b\ y^ - 2ab, z = a' + />', 
where a and b are prime to each other, and not both odd. From 

iB^ =«'-&= 
we see that a cannot be even, for then b would be odd and a!' would be 
of the form iM-^ 3, which is impossible. We have then 

where b is even, a is odd and prime to b, so that no two of a, b, x have 
a common factor. Hence it follows from equation (3) that 

x=p' — q^, b-2pq, a=p^ + g\ 
where I* and g are prime to each other and not both odd. From 

y^ = 2ab, 
we have / = 4pg ( p' + <f)- 
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6 THE ECJUATTON 0? + lf = Z^ 

Since p and q are prime to each other, each of them is prime to 
^ + q\ and hence all three must be perfect squares. Pat then 

p = r^, q- s% p' + q''- f, 
from which r* + ^-f. 

Now the values of a;, i/, z in terms of r, s, t are given by 

so that a > (r* + s*7 > i* or i -: v'j. 

It follows then that if one solution of the equation 

is known for which none of the unknowns is zero, another solution 
{r, s, t) can be found for which none of the unknowns is zero and 
such that t < -?«, This process can be continued, so that an inhnito 
number of positive integers t, t„ ti ... can be found such that 

which is clearly absurd. 

This proves the impossibility in the case of h = 4, the method of 
proof being known as the method of infinite d 



The equation a^ + )/ - e" 
The case ■« - 3, that is the equation 

*■■<-?■-»■ w, 

had been known to the Arabian mathematiciims nearly seven hundred, 
years before the time of Fermat, and a faulty proof of the impossibility 
had been given by them. It is very probable that Permat discovered 
this special case before he discovered the general theorem, for he had 
proposed as a problem "to find values of x, y, and a satisfying the 
equation," and had later declared it was impo^ible. Euler was the 
first to prove the theorem for this special ease, but his proof was 
incomplete in respect of an assumption wherein lay the real difhculty 
of the question, and which contained the germ of the development of 
the theory of ideals which was to be applied so successfully by Kummer 
many years later. Euler's proof as given in his Algebra is substantially 
as follows. 

Two of the unknowns x, y, z must be odd, and as any of the 
unknowns may be either positive or negative, there is no loss of 
generality in supposing that s is even, and that x and y are both odd. 
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THE EQUATION X^ 


'+1 


f= 


Write then :c + y = '-2p, 
so that x-jy + q, 
and the original equation becomes 


y- 




--■2q 



■2p{p' + Sq') = z: 
How 2) and q are prime to each other, and cantiot both be odd, for 
then a; and y would not be prime to each other. Further p cannot be 
odd and q even, for then s" would he divisible by 2 and not by 8, 
which is impossible. Hence p must be even and q odd, so that p' + 3?^ 
is odd. Hence as p and q are priune to each other, 

•2p and 7/ + 'dq' 
are either prime to each other, or have a common factor 3. In the first 
case p and hence z ai'e both prime to 3, while in the latter case they 
are both divisible by 3. 

Let us consider the first ca.se in detail. As •2p and p^ + 'd(f are 
prime to each other, each must be a perfect cube, so that we can 
write 

p'^Bq' = r' (5). 



Values of ^, q, r can be found by taking 

where w and n arc integers, and writing 

p + q -J ~ S - (m •^: n ></ - 'Af. 
By equating real and imaginary parts 

p-m" 3mn^ [ %'ni'n-'6r^, 
and if in and n aie piime to each othei and not both odd, and m is 
not divisible bj 3 then 7 ind i aie prime to each other and p is not 
divisible by -i B t thoi ^h this mcth 1 4, ves suitable values of p, q, r 
satisfying 

i +3/ / 

it is by no means Dbvious that all the values of j5, g, r can he found in 
this way, though as matter of fact it is so in this particular case. If 
the equation had been 

all the values oip and q would not be given by putting 

y +(?N/-ll = (ra + w/-Ii)'. 
Tlie removal of the difficulty involves the study of the arithmetical 
theory of the binary quadratic form, or of ideal numbers. 
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8 THE EQUATIONS fl;= + 1/" = Z' AND «' + )/' = 3' 

Now since 2p is a cube, the values of m and n are such that 
2m {m + Zn) (m - 3m) 
is a perfect cube. 

But since q=Zn(m + n) (rri —n) 

is odd, n ia odd and m is even. Hence since m is prime to 3, no two of 
29», m + Zn, m-Zn can have a common factor ; and since their product 
ia a perfect cuhe, eaeh of them must be a cube. Put then 

m+Zn^a", m-Zn^y, ^lm^&, 
so that by addition a' + 6^ = <}. 

Hence s^ = 2^ {f + 3(f) = «'&V (m' + Sm^'', 

or « = a6c (wi^ + 3w=) - ^e (a" + a"i* + 6°), 

SO that as u and ^ cannot both be unity, s is numerically greater 
than c. It follows then, just as in the case when ?^ =4, that we should 
have an infinite sequence of numerically decreasing integers, which is 



The same result follows in tlie second case when a ia divisible by 3, 
but we need not go into details. 

The ecjcaxions ar' + y = s" ani> a;' + / = s" 
The next cases to he proved were when m = 5 or 7. The first case 
was dealt with by Legendre and Dirichlet in 1825, while the case 
of 7i=7 was proved in 1840 by Lam^ and Lebesgue. The proofs 
involved ideas not greatly dissimilar from the case when n-Z and 
depended upon two faets. Firstly, that \{p is a. prime and x and y are 
prime to each other, the two expressions 

x^y and —  

are either prime to each other, or have as a coiunion factor the first 
power only of p. The proof is immediate, for putting 

a- + J/ = «, 
the two expressions become 



J ni B-2 P-'P-'^ 1,-i ■!. p-p-1 „_„ „, 
s and s'' '-^s" »!+— -|„- « 'x.-.-b — ,-— -sx* -+/>a.*"\ 

Also 5 is prime to a:, whence the result, which is duo to Jaquemet 
(1651—1729), follows. 
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THE EQUATIONS a^ + y" = e" AND x^ ^- y' = z' 9 

The second fact is that — — - can be written in the form 
x + y 

where U and V are polynomials in x and y, but the proof is more 
complicated than that for the first fact so it may be omitted here. In 
the particular case, however, when « = 5 or 7, there is no difiiculty in 
finding V and V by elementary algebra. 
Taking now the case re = 5, we have 



^^^-y^m)' 



^y){ 



W - 5 V\ 



where fJ and V are quadratic functions of x and y. Prom the above, 
the two factors on the right-hand side are either prime to each other, 
or have a common factor 5 of which the first power only ivill divide 

. We then have an equation of the form 
i{V^-bV)=W' or 5WK 
The difficulty arising in the case n ~ a, and overlooked by Euler, occui-s 
in the discussion of these equations, but it is possible to avoid it by 
similar methods. It follows also that the case n = 5 is impossible. 
A similar method apphes to the case it - 1, but more algebra is required 
than for w = 5. 
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KUMMEE'S WORK 



The difScalties aiising with iucreasiug values of n soou made it 
clear that other methods were req^uired for the general case. These, of 
which we sliall now give an aficoimt, were introduced by Kummer 
(1810—1893). Hie results were the most important contribuiiou to 
this subject by any mathematician either before or after bis time. 
Not only were they the most general, in that he succeeded in proving 
Fermat's Last Theorem for a large number of values of w included in 
several classes, but they were also the most useful, and marked an 
important stage iu the development of mathematics. The theory of 
ideals, which is now part of the fundamental groundwork of the Theory 
of Numbers, had its origin in Rummer's researches on this subject and 
the general law of reciprocity. His methods and results were the 
starting point of numerous investigations commenced many yeai's 
after his time, and have led to some very surprising results even 
within the last twelve years. His work is an excellent iUustration 
of the great indebtedness of mathematics and matheraaticians to the 
consideration of one or two isolated questions. 
Writing the equation {p an odd prime) 
af + f^ z^' 
in the fonii 

(.r + y)(^4-^^)(^ + t=2/)...(« + £^-j) = ^' (6), 

where ^ is a complex pth root of unity, the attention of mathe- 
maticians was drawn to the study of expressions of the form 

where a,b, c ... are integers, and to inquire if the ordinary laws of 
arithmetic applied to such expre^ions. 

Many of the most important developments of arithmetic depend 
upon the definition of a prime number and the so called fa^itor 
theorem, namely that every number can be r^olved into prime iactors 
in one way only. It follows from this fact that if positive integers 
A, B, G  K, L, of which no two have a common lactor, sainsfy the 
condition 

ABC ...K=T7, 
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AKITHMETICAL PROPERTIES OF NUMBERS OP THE FORM a + ih 11 

then each of the niimbers A, B ...K must be * perfect i>th power. 
Should any of the quantities A, B ... have a common factor, this 
result must be slightly modified; for example A now will be a 
perfect ^th power multiplied by a constant depending on the common 
factors mentioned above. Particular cases of ftis theorem have already 
been used. The question immediately suggests itself— Can this theorem 
be extended to apply to equation (6), and can we deduce that the 
factors a; + ^, a^ + ^^ - . . are ea«h pth powers of expressions of the form 

or perhaps multiples of such pth powers ? If so, a proof of Fermat's 
Last Theorem would be fairly easy. 

Arithmetical pbopehties of sumbers of the form a + ib 
Before we answer this question, let us consider what occurs in some 
analogous but simpler cases. The simplest case would be the study of 
complex numbers of the form 

a + ib, 
where J = V — 1 and a and b are rational numbers. When a and h are 
integers it seems natural to call the complex number a + ib a. complex 
integer. When 6 = the complex integer becomes an ordinary integer. 
Further it is obvious that the sum, difference or product of two 
complex integers is also a complex integer, so tliat the definition of a 
complex integer is consistent. 

As regards division, a complex integer a + ibia said to be divisible 
by a complex integer c + id if a complex integer x + iy can be found 
so that 

a + ib = {c + id) (w + %). 
"We note that while 1 is exactly divisible by only two integers, namely 
+ 1, it is exactly divisible by four integers in the complex theory, 
namely ± 1, ± «. The divisors of unity are called units. 

The question now arises, " What is the definition of a prime number 
in the new theory^" The odd primes 

3, 5, 7, n, 13, 17, ... 
can be divided into two groups such as 

5," 13, 17, 29, 37, ... 
of which every one leaves the remainder 1 when divided by 4 ; and 

3, 7, 11, 19, ... 
every one of which leaves the remainder 3 when divided by 4. 
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12 THE FACTOK THEOREM fOK PRIMES IN THE NEW THEORY 

The niimbera in the first group, however, are no longer primes 
in the complex theory. For it is clear that 
5.(2^.-)C3-.-), 
13 = (3 + 2*) (3 -20, 
n = (4 + i)(4-i), 
and it can be shown that every prime number of the form in + 1 can 
be expressed in thia way, that is 

where a and b are integers. This fact was indeed stated by Fermat 
and first proved by Euler, but it is of an entirely different kind from 
the theorems of elementary arithmetic. 

The numbers in the second group cannot be fa«torised in this way, 
for then 

4w 4- 3 = (a + ib) {a-ib) = a? + bK 
But aa already remarked, the square of any integer when divided by 4 
leaves a remainder or 1. Hence a' + b^ when divided by 4 can only 
leave a remainder 0, 1, 2 and not 3. This proves the statement. 

The behaviour of the even, prime 2 is very different from that 
of the odd primes. For 

2.. ■(!-;)■, 

SO that 2 is practicaDy* a square number in the complex theory. 

We can now define the prime numbers of the complex theory. 
These are the numbers 

3, 1, 11, 1,9, ..., 
that is the primes of the form 4n + 3 in the ordinary theory ; the 
complex quantities 

•2±i, 3±2i ...a±ib, 
which are the factors of s, 13, . . . and of the primes of the form 4w + 1 ; 
and lastly 1 - i. 

The facfob theorem foe primes ih the new theoey 

It, can be shown that in tlie complex theory, the primes, as just 

defined, have properties practically identical with those of the ordinary 

primes. For example every complex integer can be resolved into prime 

factors in one. way and only one way, noting of course that the factors 

a + ib, - (a + ib), ±(a + i/;) 
are not considered as different. 

' That is, except for the nnit factor i. 



y Google 



THE EQUATION a:^ + i/= = 3" 13 

Suppose for instance that a + ih is a factor of the nnmbsirjti which 
is a prime in the ordinary theory, so that 

Then x + %y is divisible by in- i& if 

xA-iy _ (iT + iy) (a - ib) 

a + ib a? + b" 

is a complex integer. Hence 

£ = ffjK + % and ■q = ay- hx 
must both be divisible by p. But as 

and a and h are both prime to p, it is clear that i and tj are both 
divisible by p if one of them is. Hence the condition that* 

{xi + i^i) (i»a + jjj) s (mod (fli + ib)), 
is that b{x,X'i-yii/^-a(x,i/^ + x^yi) =0 (mod^), 

or multiplying by b 

i" {XiW^~y,i/^ — ab (piy, + x^y^ = (mod p), 
which since a' + b^ = (mod^), 

can be written as 

(ay, — bx,){ayi — bxi) = (modp). 
Hence one of th^e two fectors must be divisible by p, that is, the 
corresponding factor ^i + iy, or x^ + iy^ is divisible by p. This shows 
that practically the same arithmetical laws hold for complex integers 
as for ordinary ones. 

The equation a^ + y = s" 
We can now solve the equation 

x?^f-z« (0«), 

where x, y and z are ordinary integers no two of which have a common 
factor, by writing 

{p + iy){x-iy)^z''. 
Now in the complex theory x and y are still prime to each other, so 
that the common factor of the two complex quantities x-i-iy, x~iy 
mast be a divisor of 2, that is the common factor must be 1, 1 + / or 2. 
We can exclude 2 because then x and y, would both be even. 
We can also exclude 1 + «, for if 

^ + iy _, x + y + i(y--x) 
1 + i 2 

J=J3(mod C) means that .!-.« Ls divisible bj C. 
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14 NUMBERS OF OTHER KINDS, AND THEIR FACTORISATION 

were a complex integer, a> + y and x — y would both be divisible by 2, 
or since x and y are both prime to each other, this means that x and y 
are both odd. But this is impossible for then :if + ^ would be double 
an odd number and could not be a perfect rath power if m> 1. Hence 
as x + iy and x — iy are prime to each other, each of them, except for a 
unit factor, must be a perfect wth power, so that tlie solution of the 
equation (6 a) is given by 

x + iy~P {a + iby\ )e~-iy-i"''{a-iby, 
z^a' + b', 
where « and b are ordinary integers such that a;, y and s have no 
common factor, and r is any integer. 

Numbers op other kinds, and their factorisatiok 
The difficulties arising then in the discussion of complex integers 
of the type a + ib are comparatively simple. These complex integers 
naturally suggest algebraic integers of a more general type, such as for 
example, a + b Jm, where a, b and m are rational quantities. We shall 
consider in particular the study of the quantities x-a + bJ- 5, where 
a and b are rational, and shall call .-e an algebraic integer if a, and b are 
integers. A more general definition is that « is an algebraic integer if 
it is a root of an algebraic equation of which the coefficients are integere, 
while the coefficient of the highest power of a; is unity. The two 
definitions are equivalent in our special case, though they would not he 
so if V - a were replaced by Jb. The addition, subtraction, division 
or multiplication of such integers calls for no comment. It is when 
we start to factorise such algebraic integers that a difficulty soon 
arises. It seems natural to call an algebraic integer w + y J ~5 a, prime 
when it is not divisible hy a + b-J -6 unless n = ± x, /> = + y. Let us 
accept this definition of a prime. 

Take the number 21 for example. Clearly we have 
2 1 = 3 X 7 = (4 + J~'b') (4 -V- 5) = (1 + 2^-5) (1-2 J~l). 
But 4 + V - 5 cannot be resolved into a product of factors of algebraic 
integers of the form a + b V- 5. For if this were possible, then 

i + ^/-l, = {a + bJ-b)ic + d-J'-oX 
say, so that i—J -5 = (a-b -J ^)(c-dJ-a}. 

Hence by multiplication 

21 = (it' + 5b^){c' + od'), 
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THE DIFFICULTY ARISING IN THE-GENERAL EQUATION 15 

SO that d' + 5b', being a factor of 31, must be either 1, 3, 7 or 21. 
This gives a = + 1, & = ; or a = + 4, i = i 1 ; or a = ± 1, 6 = ± 2. The 
solution a - ± 1, 6 = does not give a factor of 4 + V - 5, while the 
solatioti « = ±4, b-±l does not give a factor, since 

4+_-/£5 _ 11 + 8 ^-5 

4^V_;r" 21" ^ 

is not a. complex integer. It is also easily seen that + 1 + 2 V - 5 
is Dot a factor. 

In the same way it is found that neither 1 + 2 V - 5, 3 nor 7 .splitK 
into factors of the form a + b V — 5. We have then 21 expressed as a 
product of primes in three different ways. Moreover 

(4 + V - 5) (4 - J^5) is divisible by 3, 
where 3 is a prime in. the new theory, while 4 + V — 5 and 4 — v — 5 
are both prime to 3. Hence the factor theorem of arithmetic which 
states that the product of two integers ab cannot be divisible by 
a prime p, unless either a or 6 is divisible by p, no longer applies. 
This breaking down of one of the fundamental laws of arithmetic for 
integers of the type a + b ^J — 6 brings us face to face with a great 
difficulty, and suggests that the method of defining a prime in the 
present instance, in the same manner as for integers of the form a + ib, 
is not satisfactory. It is however not obvious at first sight how to 
suggest an alternative method. Unless this is done, we cannot deduce 
from the ei^aation xy^^, where x and y are prime to each other, that 
■x and y are both perfect sq^nares. 

For example (2 + ■J'^n) (2 - V - 5) = 9, 

where the factoi-s 2 ± V - 5 are primes, have no common factor, and 
are not equal to the squares of integers of the form a + h-J — b. 

The difficulty Aaisiuo m the gehebal eqoatios 
It is now clear that given an eq_uation of the form 

(^ + .,) (a. + £>,)(**{»...(»• + ?-?)-«• (6), 

where i; is a complex yth root of unity, it cannot be itsserted that 
X + iy, for example, is the^th power of an expression of the form 

until an investigation has been made of the arithmetical properties of 
such algebraic integers. It may happen that the definition of a prime 
in the new theory in the same way as for numbers of the form a + ib 
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16 THE DIFFICULTY ARISING IN THE GENERAL EQUATHJN 

will be satisfeetory, in which case the algebraic integers can be factor- 
ised in one way only; or the same difficulty may arise as in the case of 
numbers of the form a+ b J -b. As a matter of fact, it is not true 
that the algebraic numbers above can be factorised uniquely, but the 
first case of failnre occurs when p = 23. It is not surprising then that 
such mathematicians as Lam^, Cauchy and even Kummer should 
have been originally under the impression that the algebraic integers 
above could be factorised uniquely. 

Lara6 made this false assumption in giving a proof of Fermat's 
Last Theorem, as was pointed out by Liouville and Kummer. Kummer 
also had previously made the same mistake in attempting a proof, as 
was pointed out by Dirichlet, who expressed his belief that the algebraic 
numbers involved could not in general be factorised uniquely. 

The question before us, then, is the removal of the difficulty men- 
tioned above, and a very simple illustration due to Hilbert may show 
us how this can be done. Let us consider only the odd integers of the 
form in + l, that is to say 1, 5, 9, 13, 17, 21, 25, 29, 33, 31, 41, 45, 
49, 53, 57, 61, 65, 69 ..., and investigate what happens when we 
attempt to build up the arithmetical laws for tliis group of integers, 
say a, b, e .... A number a will now be called a prime if it cannot be 
expressed in the form a^bc unless & or e equals unity. Thus 21 
would be a prime number in the new theory, for although 

21 = 3 s 7, 
neither 3 nor 7 is included in the group of integers of the form 4« + 1. 
Also 49 X 9 = 21^, and neither 9 nor 49 is the square of a number of 
the group, while 9 and 49 are prime to each other, since no number* 
of the group divides both of them. Again 693 can be factorised as 

693 = 9 X 77 = 21 « 33, 
that is in two essentially different ways, since 9, 21, 33 and 77 must be 
considered as primes in the new theory. 

The difficulties arising now are of exactly the same kind as arose in 
the consideration of algebraic numbers of the form a + h J- 5. But 
the way out of the difficulty is obvious in the present case. Instead of 
considering only the integers 1, 5, 9, 13 ..., we consider in atldition 
the odd numbers of the form 4b + 3, for example 3, 7, 11 •■ • Then 
we know that in the new group of integers, 1, 3, 5, 7, 9 ■■-, the 
ordinary laws of arithmetic hold, and now 

J) = 3^ 77 = 7x11, 21=3x7, 33-3x11, 
'' Except unity. 
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INTRODUCTION Of IDEAL NUMBERS 17 

SO that the two difl'ererit methods of faetorising 693 reduce to the one way 
693 = 3'>i7x 11. 
This method of removing the difficulty is very simple and general, 
and suggests at once the question— Can this idea be extended to 
the algebraic numbers of the form a + b J- 6 ; or in other words can 
the group of algebraic numbers of the form a + b J -She enlarged by 
joining a new group of numbers, so that the factor law of arithmetic 
holds for this enlarged group ? The answer is in the affirmative, not 
only for these special algebraic numbers, but for all algebraic numbers. 
The method of doing this has been presented in three different ways* by 
Kummert,Ded6kind,Kronecker and Weber. The principles underlying 
them are essentially the same, and are now included under what is 
known as the arithmetical theory of algebraic numbers. 

Ihtrodtiction op ideal humbbrs 

The methods may be made clearer if presented in a rather different 
way from those of the investigators above, but which, though very 
useful for giving a clear insight into the matter, would prove rather 
difficult if made the starting point of an investigation forthe general 
algebraic number. 

For our purpose it may be sufficient to say that instead of con- 
sidering algebraic numbers of the form o + J V - 5 we consider the new 
group of numbers defined by t, where 

and X and y are any integers, whose greatest common factor is a perfect 
square or 5 times a perfect square, and satisfying the condition that 

x^ + bf 
should be a perfect square. The group of algebraic integers now arising 
reproduces itself by multiplication and its members may be called 
ideal numbers. It includes as part of itself the numbers of the form 
a + b •/—~5, of which we have already spoken. 
The ordinary primes 

2, 3, S, 7, 11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47 ... 
can now be divided into tliree classes, while 5 is in a class by itself. 



• See Baohmann, Zahlenlheorie. Vol. v. p. 521, tot 


two other methods by 


Heosel and Soehotzki. 




+ Kummer dealt only witli the algebraic numbers arislnj 


; from the oornplejL roots 


of unity. 
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18 THE PROOF OF A UNIQUE FACTORISATION LAW 

The first class consists of primes such as 29, 41, Al ..-, which 

written in the form _ 

29 = (3 + 2 7 - 5) (3 - 2 V -5), 
41 = (6 + V^) (6 - V^), 
61 = (4 + 3 J^) (4 - 3 V^), 
that 1-, eadi of them can be expressed in the form a' + 6b''. 

The second cla^s consists of primes such as 3, 7, 23 ... 
cannot be expressed m the foim a"+ 56^ though their sqnares 
expiessed m this foim, foi example 

3= = (2 + V-"5)(2-V^), 
7" = (2 + 3 V -T) (2-3 V -"5), 
and in general for any prime p of this kind 

or if ideal numbers t,, t^ are defined by 

r,^ = C + d V^, r^^ = (--d J~-:>, 

thenp can be factorised in the form 

p = +!'-.. 
The third class of primes consists of primes, say q, sucli an 
2, 11, 13, 17 ..., 
which are such that neither they nor their sijuaies cat 
the form a" + 5&^ A very simple rule enables us to distinguish between 
the three classes of primes, but the principles employed depend upon 
the Theory of Numbers. The prime 5 as already remarked is in a class 
by itself and since 5 = - ( V - 5)^, 5 is practically a square number. 

The peoof m a unicjde factokisatios L4\v 
It can be shown that the new gioup oi algebraic integei^ ot the 
type specified by t = Jx + ^ V - "> and which includes the complex 
numbers of the form m + nJ-bB.i a fpecjal ca.se, lan he f wtoii'^ed 
uniquely by means of the quantities ju^t denoted h^ ti + hj 5 
V c + (i -/ - 5, q and V-S. 

This follows from the condition ot divisibility of ^n ideal numbei 
by the new primes, just as in the cise of complex numbeis of the torm 
x + iy. For example, if the ideal number vr + jV — 5 is divisible by 
v2 + V - 5 say -r, so that t is an ideal factor of 3, we must have 
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THE PROOF OF A UNIQUE FACTOBiSATION LAW 19 

where m and n are integers. It is easily seen that 
9m = 2x + 5^, dn= —x + 'It/, 
and that both m and n are integers if 

« - 2^ = (mod 9). 
Similarly the number x + ^J ~5is divisible by t Lf 
■Jx^ — sy + 2«y \/ - 5 is divisible by t. 
The condition for this is that 

^ - 5/ - 4^)/ ^ (mod 9), 
that is (^ - 'iyf = (mod 9), 

or a:-2y = (mod 3). 

"We can now prove tliat if the product of two algebraic numbers is 
divisible by t, one of them is divisible by t. Let the numbers be 

ic, + y, V - 5, a.-, +'i/:,J- 5. 
Their product 

fl^ia^a- Of/iji.; + V - 5 (;«iys + x^i/,) 
being divisible by t, we mast have 

a.-i3;a — 62/i2/i-'2 (a;i»/s + a^ji) sO (mod 3), 
that is («i - 2^0 («2 - S^e) = (mod 3). 

This means tliat one of these two factors must be divisible by 3, so 
that, if say, 

*■! ~2yi = (mod 3), 

then from the above x,+yxJ — h must be divisible by r. 

The same result follows if we consider the product of two ideal 
numbers Jx-, +3/1 s/ - 5i Va^ -^y^J — b. This product is divisible hy 
tM 

•»ii»2-5?iy2-2(«ii/3 + 3'ayi) = (mod 9), 
or (iei-22/,)Ci)^-2y2) -0 (mod 9), 

and a simple discussion shows that if Xi-'iyi is divisible by 3, it is 
also divisible by 9 (noting that Xi + !tyi is a square). Hence as before 
one of the ideal numbers must be divisible by t. 

It is clear now that being given an algebraic number x +y J - ^< 
the condition 

x-2y = (mod 3) 

is sufticient to define the ideal prime factor v2 + V - .5 of the complex 
number, and that the actual foi-m of the ideal number need not be 
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20 APPLICATION OF IDEAL NUMBERS TO FERMAt'S LAST THEOREM 

given explicitly. Dedekind, for esarople, put 3i — 'iy = 3m, so that 
w + y ij — 5 becomes 3m + y ('2 + V — o), and then considered the pro- 
perties of the groups of numbers arising by taking different values for 
m and j/, and called the group of numbers an ideal. Kronecker how- 
ever would have studied the linear expression' as a function of «, y; 
while Kummer would have used the oongnience 

/B - 2y = (mod 3) 
as defining the ideal prime t. 

Applicatiou of ideal hiimbers to Feemat's Last Theokeji 
For algebraic nviiobets of the form 

Kummer showed that the ideal numbers were of the form 

v'fti -^hiC + c-ti" ..., 
where ffli, b^, c,, ... are integers satisfying certain conditions, while r 
is a factor of a number called the number of ideal classes. Its value 
depends only on p, and can be found by a very complicated method 
depending on principles introduced into analysis by Dirichlet. 
Continuing now the discussion of the equation 

(^ + ,)(^ + « ... (i + p-s).«» (6), 

consider first the case when s is prime to p. This is tantamount to 
saying that no two of the factors on the left-hand side have a common 
factor. Hence by introducing ideal numbers, we have, practically as in 
the ease of the equation :e^ + / = s*", a number of equations of the form 



where t, t,, .,. are ideal numbers and i, fa, ... are units, i.e. quantities 
of the form 

(h + bi,C + cd' ■■■! 
.which are divisors of unity. 

Noting now the exphcit expression for t, namely 
■r-Wi + bZ+ct^ -■•, 
we have .t+ Ci/ = f (\'a + 6£ + c^^ ...)". 

If now r is prime to p, and this is an extremely important condition, it 
follows that 

a+bt + ct' ... 
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ANOTHER RESULT BY KUMMER 21 

is the rth power of a similar expression, so that we can write 

where a, ^, y, ... are integers. We find other equations by changing 
C into ^, l^, .... It is then a comparatively simple matter to show 
that equations of this kind are impossible, not only when x and y ai-e 
ordinary integers hut also when they are integers of the form 

A similar conclusion can be drawn in the ease when s is not prime 
to p. Hence Fermat's Last Theorem is proved in all the cases where r 
or the number of classes of ideals is prime to p. The condition for 
this can be stated in a remarkable form by noting the following expan- 
sion in ascending powers of iw, namely 

so that -Bi = J, Bi--^Ts, ^h-ts'  ^® the well known Bernoulli's 
numbers. Then the required condition is that the numerators of none 
of the first \{p~i) of the Bernoulli's numbers should be divisible 
by p. The only primes less than 100 for which this condition is not 
satisfied are ^ = 37, 59, 67, and heuce it is proved* that 

is impossible if ^ is an odd prime less than 100, except when ^ = 37, 5ti, 67. 
In order to establish the truth of the theorem for these exceptional 
values of^, Kummer gave in 1857 some additional results for primes 
satisfying certain conditions f. These conditions were satisfied byj:* = 37, 
59, 67, so that Fermat's Last Theorem is proved for all values of p, 
prime or otherwise, less than 100, omitting of course p-2. 

Akotheu result by Kommeb 

Some other important consequences were deduced by Kummer in 
the special case when one of the anknowns is not divisible by p. We 

* A complete aeoount of Kummer'3 theory of ideal numbers is given in 
LimtviU^s Journal, t. xvi. 1851. Hilbett in his well known report on "Lie 
Theorie der algebraiBohen Zahlkorper" gives the modern vereion. The Frenoli 
traoelation of tbia report has an appendix giving other resultB on Fermat's Last 
Theorem. For a good introduction, see Sommer, Vorleaungen iiber Zahlentheofie, 

t It appears tbat Eummer has made some errors which vitiate hie proof for 
the oases p = 37, 69, 67. See Tandiver "On Kummer's memoir of 1857 ooneerning 
Fermat's Last Theorem," Proceedings of the National Academy of Science, 
Wathington, U.S.A., Vol. vi. May, 1920. The case p = S7, however, was proved 
impossible by Mirimanoff in 1892, so that the oases p = 69, 67 are still doubtful. 
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22 DEDUCTIONS FROM KUMMER .S LAST RESULT 

saw previously that we eouM deduce from equation (6) a series of 
equations of the form 

where )-=l, 2, ...p. Kummer showed that it was possible to select 
of these equations in such a way that the product of the corre- 
sponding Tr's is an actual number of the form 
r=a + 6f+cp+.... 
By multiplying together the product of tbe — — equations, he 
obtained a result of the form 

where the multiplication on the left refers to the selected '^ factors. 
Replacing C by «", we have an identity of the form 

where /(«) is a polynomial in e" with integral coefficients. By dif- 
ferentiation he deduced* that 

B. -^i'a [Log '{^ * e',)U 2 (mod p). 

when n = l,2, ... ^(p-S), where i?„ is the Mth Bemoullian number as 
defined before, a reaatt which has since proved very useful. 

Kttmmer, although not a candidate for a prize offered by the 
French Academy for a proof of Permat's Last Theorem, was awarded 
it in recognition of his researches on complex numbers. Certainly 
never was an investigator on these subjects more worthy of one. 

Deductions from Kummbr's last result 
For about fifty years after Kummer's work, very little was accom- 
plished either in extending or in developing the full consequences -of 
his results on Fermat's Last Theorem. In the early part of this century, 
however, mathematicians turned once more to Kummer's results, and 
in particular to the one, that if 

had solutions for which z is prime to p, then 

■S" ^=S [Log (« + ey)]^, = (mod p) 
for n=-- I, 2, 3, ... hip-^)- 

* Ahhand. Ak. Wiss, Berlin, 1657, 
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DEDUCTIONS PROM KUMMER S LAST RESULT 23 

This result, by putting 

p-2n = i, 
(ian be written iu the slightly different form 

gi,,.,~[Log(ar + .^y)]„.„BO (modp) (1), 

where i^S, 5, ... p-i,p-2. 

Take now i = 3, then 

J»!l«l |j [i»g (■" + ••?)].-. = (""tl ?), 

and tliis reduces to 

-Ssi3.-=i ^ Q^ -y) = (mod p). 

Hence if Si^p.ai is not divisible by y, 

^y{^-y) = ^ Cmodp). 
If then the ainatioo has a solution for which «, y, z are all prime to p, 

x=y Cmod;>); 
and in exactly the same way 

a; =3 (mod^). 
This gives S^" = (mod p), 

which is impossible if p is not equal to 3. 

Hence we have proved the result that the equation 

cannot have integw solutions for which x, y and z are all prime to p 
unless Bhp-3) is divisible by p. In the same way, by taking i - 5, 7, 9, 
it is found that i'n addition 

S^(p-(1, -ffl(i,-7), -Sifp-B) 

must be divisible by p. This was proved by Mirimanoff in 1905, for 
the last two of the four Bernoulli's numbers above, and by Kummer 
for the first two, but the case for Bj(p-s) had been practically announced 
previously by Cauchy, although without proof. 

Mirimanoff also showed by developing the value of 

that, if X, y, z are all prime to p, then Kummer's result (7) could be 
n the form * 
Bki.p-{\ {t - 2'"' f' + 3*-^ f .'.. ±{p- ly-" P-"-) = (mod />), 
'' Crelie'a Journal, Vol. cxxviii. 
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24 THE CONGRUENCES 2P~^ s l(modp"^), 3*^' = 1 (inod/)^) ... 

or say Bj(p-i) **(*)= (mod ;j), 

where * = 3, 5, ...^ — 2, 

and ( in the ratio of any pair of m, y, s. Or again in the form 

<S>.{t)<'v-«{t) = Q (mod;)) 
where n-\, 2, ... p-\- 

The cosgrdbnoes 2''"'= 1 (mod^), 3'''"^ = I (mod^^) .... 

A number of conditions can be found by eliminating t from the 
above congruences. Although there seems no a priori reason for ex- 
pecting simple results, Wieferich* showed in 1909 that one of these 
conditions could be expressed in the surprisingly simple form 
2P-' = 1 (mod p'). 

This extremely simple and unexpected result represented the first 
real advance made in the subject since Rummer's work. The Got- 
tingen Academy of Science awarded him 100 marks from the interest 
ofthe Woifskellftind. 

In 1913, Meissner showed that ^ = 1093 was the only prime less 
than 2000 for which this congruence was satisfied. 

In other words the equation (p a prime) 

where 2000!>p>2, 

cannot be satisfied by values of x, y and £, each of ivhiijji is prime to p, 

except perhaps when p = 1093, 

Simpler proofs of Wieferieh's result were soon gifren by Frobenius 
and Mirimanoff, the latter also sliowingf that under the same condi- 
tions 

3^-^ = 1 (modp^). 

Th& two congi'uences above could not of course have been foreseen 
from Kummer's original results, but another proof was given by Furt- 
wangier, which seems more natural and simple, depending upon ideas 
which should be capable of further extension. The following may 
perhaps give some indication of the ideas involved. 

Suppose we have two odd primes, say 3 and 7, and it is required 
to investigate if integers x and y can be found so that 
a^ = 7 (mod 3), y = 3 (mod 7). 
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THE CONGRUENCES 2*'-"' = 1 (mod^*), S^"' = 1 (mod^') ... 25 

It is easy to see that the first congmence is satisfied by a;= 2, while 
the second congruence is impossible. If however 3 and 7 had been 
replaced by any odd two primes p and q, a very simple theorem known 
as the law of quadratic reciprocity enables us from the known possibility 
or imposaibility of one of the eongraeneea to determine if the other 
congruence is possible or not. But if one of the congruences is 
impossible, we can at once conclude that the equation 

18 also impossible. 

This theorem, moreover, can be extended to congruences of the form 
3f'=P (modQ), 
where /e, F, Q are algebraic numbers of the form 

or even ideal numbers occurring in the theory of such algebraic 
numbers. The theorem in this case, known as the general law of 
reciprocity, was enunciated and proved by.Kummer, but only a special 
CEise, due to Eisenstein, was required in Furtwangler's* proof Assuming 
this result, Furtwangler's proof of the results 

is very simple and natural. As already remarked, it seems that a new 
application of the laws of reciprocity may he expected to lead to 
interesting results. 

It appears probable that the 2 and 3 above can be replaced by any 
prime q (except p). In 1914, Vandivert showed that 5 was another 
value for q, while Frobeniust showed that q might also take the values 
11 and 17 ; and also the values 7, 13, 19, if p s 5 (mod 6). 

The proofs, however, are very complicated and depend upon a special 
study of the properties of Bernoulli's numbers. The elimination is 
carried out by taking the congruence 

5i,p,q^((() = (mod^), 
multiplying throughout by an apprapriate function of t, say/i((), and 
then adding together the left-hand sides of the congruences, which 
then reduce practically to the form 

5""'- T (mody), 
for the values q — 2, 3, .^ ... as just noted. 

" Sitmngs. Ak. Wiss. Wien (Math.), Vol. csxi.lHXa im, pp. .^89—592. 
■f CreiJe's Jmirml, Vol. okliv. 1914, p. 314, 
I Sitzitnge. Ak. Wiss. Berlin. 1914, p. 653. 
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CHAPTER III 

LIEKPS RESULT 

We shall now pass on to other methods* which have been employed. 
These, although of interest, do not prove the trnth of Fermat's Last 
Theorem for even one case. 

A simple method of attempting to prove the Theorem, which soon 
suggests itself to investigators, may be explained by taking the 
particular case 

3^ + Jl^ + s* = 0, 
which has already been considered. It follows from this equation that 
one of the unknowns must be divisible by 3 ; for otherwise each of 
them would be of the form 3w ± 1, and then their cubes would be 
of the form 27«' ± 27w^ + 9w ± 1, that is of the form 9wi±l. But 
obviously the sum of three numbers each of the form 9m ± I cannot 
be zero,. as this sum is not divisible by 9. Hence one of the unknowns 
must be divisible by 3. 

Similarly it can be shown that one of the unknowns must be divisible 
by 7. For it is easily shown that the cubes of all numbers not divisible 
by 7 are of the form 7»w ± 1, so that the sum of the cubes of three 
numbers cannot be divisible by 7, and hence certainly not equal to 
zero, unless one of the numbers is divisible by 7. 

The question at once arises — Can an infinite number of primes q be 
found with the same property as the primes 3 and 7 above ; that is to 
say, from the fact that a^+^ + ^ is divisible by q, does it follow that 
one of the unknowns must be divisible by 5 ? If so, the equation will 
be impossible, since one of the unknowns will be divisible by an infinite 
number of primes. A similar question suggests itself for the equation 

^ + J/V + £? = 0, 

Libri in 1832 stated without proof that an infinite number of primes 
such as q did not exist. This was proved by Pellet about 1886, 
and independently in 1909 by Dickson and Hurwitz amongst others. 
Dickson t also showed that 

* Baohmaan, Niedere ZakJentheorie, Voi. n. Chapter m. will be foiinJ useful 
ID oonneetiou with the first and thitd chapters of this book. 

t CreUe's Jownal, Vol. cxxst. 1909. p. 181. Ct. also the paper by Huvwitz 
in Vol. cxxXYi. p. 2T2. A simple and elementarj proof with rather larger limits for q 
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SOPHIE GERMAIN'S RESULT 27 

coald be made divisible by q witbout any of tbe quantities x, y, z 
being divisible by q if 

q>(j>-l)\p-'if + <ip~% 
Hence the suggested method of attack cannot succeed in proving the 
trutb of Fermat's Last Theorem. 

boPHiE Germain -> kb^lli 

^nether line of attack depends upm some formulae tliscoveied 
independently by i number of inveatijjators among whom may be 
mentioned Legendre Abel and Peter Bulow, and developed by others 
such as Sophie Geimam It may be noted that Barlow was the hrat 
Englishman to write a treatise on the Theory of Numbers, and was 
also imongst the earliest wiitera who have given eiTOneous proofs of 
Feimats Last Thejrem 

Instead of x^ +y'"^ t?, 

considei the moie sj mmetr cal form 

^+yP + 3P = (8), 

which r in be wiitfen is 

We note now* that either s is not divisible hyp, in which case the 
two factors on the right-hand side are prime to each other, or that a is 
divisible hy_p, in which case the two factors have a common factory of 
which the first power only is contained in 

x + y ' 

It follows now from symmetry, that if w, y and s are all prime to p, 

then 

t, + z=aP, ^— = ^, x^-ai, 
y + s 

Z-rX^if, — = rf, y = -b-q, 

x + y^c^, ^^^^^P, £=-cC 
from which 

2a; = i" + ti' - oF, 'Zy^c^ + a"- b", 2« = <*" + 6" - c^. 

(prime or oompoaite) was giveu by Sehut in the Jahresier. d. Deutsdien Matk.- 
Vereinigimg, Vol. xxv. 191G. 
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